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TWISTING OPERATORS AND CENTRALISERS OF LIE TYPE GROUPS
OVER LOCAL RINGS
ZHE CHEN
Abstract. We extend the classical result asserting that the twisting operator preserves
certain Deligne–Lusztig character values for truncated formal power series; along the way
we discuss some properties of centralisers. This leads us to the construction of an action of
GLn(Fq[[pi]]/pi
r) on a Springer fibre intersected by Deligne–Lusztig varieties; we determine
the primitivities of the induced cohomological representations for single cycles. The case of
SL2 over finite dual numbers is presented with a criterion on semisimple orbit representa-
tions.
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1. Introduction
Let Fq be a finite field with q elements. Consider the finite groups GLn(Fqd) and GLn(Fq),
where d ∈ Z>0. A natural question to wonder is: What are the relations between their
characters? An answer was given by Shintani [Shi76] in 1976: He established a bijection
from the set of Galois-invariant irreducible characters of GLn(Fqd) to the set of irreducible
characters of GLn(Fq). This work was later developed into the theory of Shintani descents,
which plays an important role in the geometric side of character theory; see [Kaw77], [Lus84],
[Asa86], [DM85], [DM89], [Sho92], [Sho98], [Des16].
In the very special case d = 1, Shintani descent is the natural operation switching the
Lang isogeny on the space of class functions
f 7−→ ShG(f) : h
−1F (h) 7→ f(F (h)h−1),
called the twisting operator (see Definition 2.2), whose behaviour can be mysterious for
groups admitting disconnected centralisers. In this paper we study this operator and related
centraliser properties for connected reductive groups over a (truncated) discrete valuation
ring in positive characteristic (like SLn(Fq[[π]]/π
r)).
In Section 2 we recall some basic properties of ShG. And in Section 3 we make some prepa-
rations on reductive groups over formal power series rings and recall the orbit construction.
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In Section 4 we consider two aspects concerning Deligne–Lusztig theory. First, by us-
ing a generalised Green function character formula and by generalising a basic property of
semisimple centralisers, we extend a result of Asai and Digne–Michel, showing that ShG
preserves the higher Deligne–Lusztig character values under a condition on unipotent parts;
see Theorem 4.3.
Second, motivated by a group embedding used in a centraliser discussion (in Proposi-
tion 4.5), we observe that GLn(Fq[[π]]/π
r) can be viewed as a unipotent centraliser; this al-
lows us to construct an action of GLn(Fq[[π]]/π
r) on the intersection Bu,w of a Springer fibre
and a Deligne–Lusztig variety (see Definition 4.7). While both Springer fibres and Deligne–
Lusztig varieties are of vital importance in geometric representation theory, it seems these
intersections Bu,w have not been considered in literature before. We determine the primi-
tivities of the representations afforded by the cohomology of these varieties for the cycles
w = (1, 2, ..., z); see Theorem 4.8.
In Section 5 we study the behaviour of the twisting operator on primitive representations
of SL2([[π]]/π
2) in odd characteristic. We find that the semisimple orbit representations are
exactly the ones invariant under ShG; see Corollary 5.1.
Acknowledgement. The author thanks Alexander Stasinski for several useful comments
on an earlier version of this paper, and thanks Yongqi Feng for helpful conversations.
2. Preliminaries
In this section we recall some basics of the twisting operator following [DM85].
Let G be the Fq-base change of a connected smooth affine group scheme over Fq, and let
F be the associated geometric Frobenius endomorphism. Denote by L : x 7→ x−1F (x) the
Lang isogeny. The Lang–Steinberg theorem tells us that, for any g ∈ G, there is an h ∈ G
such that h−1F (h) = g. Note that, if g ∈ GF , then F (h)h−1 ∈ GF ; via this property one
can define a permutation on the conjugacy classes of GF :
Definition 2.1. Let g = h−1F (h) ∈ GF and let [g]GF be the conjugacy class in G
F . Then
nF ([g]GF ) := [F (h)h
−1]GF .
(Note that this is independent of the choice of h.)
Definition 2.2. The twisting operator ShG is the linear automorphism on the complex space
of class functions of GF (denoted by C(GF )) given by composition with nF , that is:
ShG(f) = f ◦ nF
for f ∈ C(GF ).
Lemma 2.3. The operator ShG ∈ End(C(G
F )) is semisimple with eigenvalues being roots of
unity. Moreover, ShG preserves the usual inner product on C(G
F ).
Proof. By definition, ShG is a permutation matrix with respect to the basis consisting of
characteristic functions on conjugacy classes, from which the first two properties follow. Now
the property of being isometric follows from the fact that (see [DM85, I.7.2]) nF preserves
the cardinals of conjugacy classes. 
A fundamental property of ShG is the following lemma:
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Lemma 2.4. Let g ∈ GF . Consider the set of F -rational elements in the geometric conjugacy
class (i.e. the G-conjugacy class) of g in G; partition this set into GF -conjugacy classes.
There is a natural bijection between the resulting GF -classes and the F -conjugacy classes of
the component group ZG(g)/ZG(g)
◦, such that, under this bijection the action of nF becomes
the multiplication by g.
Proof. See [DM85, IV.1.1] or [DM91, 3.21]. 
From the above it follows immediately that:
Corollary 2.5. The order of ShG is the smallest i such that, for any g ∈ G
F , gi = 1 in all
the F -conjugacy classes of ZG(g)/ZG(g)
◦.
Lemma 2.6. If G is commutative, then nF , and hence ShG, are the identity maps.
Proof. This follows from the definition. 
Lemma 2.7. The permutation nF is the identity on the semisimple classes.
Proof. Let s ∈ GF be semisimple, then s is contained in an F -stable maximal torus S of G
(see e.g. [DM91, 3.16]). The assertion follows from Lemma 2.6 by restricting nF to S
F . 
3. Groups over local rings
Let O := Fq[[π]], and let G be a connected reductive group scheme over O. Note that
every smooth representation of G(O) factors through G(Or) for some r ∈ Z>0, where Or :=
Fq[[π]]/π
r. From now on we fix an arbitrary such r.
We briefly recall the settings in [Lus04]: There is a connected algebraic group Gr (Weil
restriction), defined over Fq, such that
Gr(Fq) ∼= G(Fq[[π]]/π
r) and GFr := Gr(Fq)
F ∼= G(Or),
where F is the associated geometric Frobenius endomorphism. For i ∈ Z[1,r−1], the reduction
map modulo πi induces a surjective morphism between algebraic groups
ρr,i : Gr −→ Gi;
we denoted the kernel group (congruence group) by Gi. Note that G1 is a connected reductive
group over Fq and we have a semi-direct product
Gr ∼= G1 ⋉G
1,
which is a Levi decomposition. Every closed subgroup scheme of G×OFq[[π]]/π
r corresponds
to a closed subgroup of Gr; for such a subgroup H ⊆ Gr, we shall use similar notations Hi
and H i. As before, L : g 7→ g−1F (g) denotes the Lang isogeny associated to F . In an
algebraic group, we use the conjugation notation xy := y−1xy =: y
−1
x.
Throughout this paper we would write G := Gr when there is no confusion.
An important tool for studying the representations of GF = G(Or), when r ≥ 2, is the
notion of orbits. In the remaining part of this section we assume that r ≥ 2, and that the Lie
algebra g := Lie(G1) admits a non-degenerate G1-equivariant bilinear form µ : g × g → Fq
defined over Fq. (This requires char(Fq) is not too small unless G = GLn; see e.g. the
discussions in [Let05, 2].) We fix such a µ and fix a non-trivial character φ : Fq → Q
×
ℓ . Note
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that Gr−1 can be viewed as the additive group of g; under this viewpoint, the conjugation
action of G on Gr−1 is translated to be the adjoint action of G1 on g. If σ is an irreducible
character of GF , then by Clifford’s theorem (see [Isa06, 6.2]) we have
σ|(Gr−1)F = e ·
 ∑
χ∈Ω(σ)
χ
 ,
where e is a positive integer and Ω(σ) is a GF1 -orbit of irreducible characters of the additive
group gF , so we get a map Ω: Irr(GF )→ G(Fq)\Irr(g
F ). Taking the dual of Ω via φ(µ(−,−))
we get another map:
Ω′ : Irr(GF ) −→ G(Fq)\g
F .
We call Ω′(σ) the orbit of σ; of particular interest is the case that Ω′(σ) is nilpotent, regular,
or semisimple.
Constructing irreducible characters of GF using orbits attracts many attentions; see e.g.
the recent works [SS17] and [KOS18], and the references therein. Note that the notion of
orbits naturally extends to the whole space C(GF ): If f = ⊕iλiσi is a class function with
irreducible components σi, then the formal sum Ω
′(f) :=
∑
i λiΩ
′(σi) gives a surjective linear
map
Ω′ : C(GF ) −→ C[G(Fq)\g
F ],
where C[G(Fq)\g
F ] denotes the space of formal sums of adjoint orbits.
Proposition 3.1. Let f be a class function of GFr , then Ω
′(f) = Ω′(ShG(f)).
Proof. By construction, Ω′(f) only depends on the restriction of f to (Gr−1)F ; meanwhile,
we have ShG(f) |(Gr−1)F= f |(Gr−1)F by Lemma 2.6. 
4. Deligne–Lusztig constructions
In [Lus79] and [Lus04] Lusztig gives the Deligne–Lusztig construction for G(Or). Recently,
this work has been studied and generalised along various aspects; see e.g. [Sta09], [Sta11],
[Che18b], [Che20], [CI19]. In this section we study the representations of G(Or) via Deligne–
Lusztig theory in two directions, one through the twisting operators and one through the
Springer fibres.
For r = 1, the relations between twisting operators and Deligne–Lusztig theory have been
investigated extensively. Here we give a start for general r ≥ 1. We will work in the setting
of [Che18b], and try to extend the classical result asserting that Deligne–Lusztig character
values are invariant under the twisting operator; when r = 1, this was obtained by Asai
[Asa86] for classical groups with connected centre and by Digne–Michel [DM85] for Lusztig
inductions in good characteristic. To properly state the result we also need to extend a basic
property of semisimple centralisers.
Let B = T⋉U be a Borel subgroup of G×OFq[[π]]/π
r, where T is a maximal torus and U
is the unipotent radical. Let Br, Ur, Tr ⊆ Gr be the corresponding algebraic groups; similar
to G = Gr, we may omit the subscript r and denote them by B,U, T . We only concern the
case that T is F -stable (i.e. FT = T ). Let ℓ be a prime not equal to char(Fq), and fix a field
isomorphism C ∼= Qℓ; in particular, we can view ShG as an operator on the Qℓ-space of class
functions.
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For b ∈ Z[0,r], write U
b,r−b := U b(U−)r−b, where U− denotes the algebraic group corre-
sponding to the opposite of U. Note that GF (resp. T F ) acts on L−1(FU b,r−b) by left (resp.
right) translation.
Definition 4.1. For θ ∈ Hom(T F ,Qℓ), the corresponding higher Deligne–Lusztig represen-
tation of GF at page b is the virtual representation
RθT,U,b :=
∑
i
(−1)iH ic(L
−1(FU b,r−b),Qℓ)θ,
where H ic(−,Qℓ)θ denotes the θ-isotypical part of the compactly supported i-th ℓ-adic coho-
mology group.
Remark 4.2. When b = 0 or r, RθT,U,b is the representation constructed by Lusztig in
[Lus04]. When r is even and b = r/2, RθT,U,b is isomorphic to the representation constructed
by Ge´rardin in [Ge´r75]. When B is F -stable, RθT,U,b
∼= IndG
F
TF (Ub,r−b)F θ.
Let RθT,U,b be the character of R
θ
T,U,b.
Theorem 4.3. Let g = su ∈ GF , where s is the semisimple part and u is the unipotent part.
Then u ∈ ZG(s)
◦, and if moreover u ∈ ZZG(s)◦(u)
◦, then
ShG(R
θ
T,U,b)(g) = R
θ
T,U,b(g).
Proof. The first part is essentially proved in the arguments in [Che18a, P2031-2032]; here
we include the details for the completeness. Let c ∈ G be such that sc ∈ T1 ⊆ G1, then it is
sufficient to show that uc ∈ ZG(s
c)◦.
Write uc = u1u2 with respect to the decomposition G = G1G
1. By applying the reduction
ρr,1 to the identity
u1u2 · s
c = sc · u1u2
we get u1 ∈ ZG1(s
c), which in turn implies that u2 ∈ ZG1(s
c). As u1 ∈ ZG1(s
c)◦ (see e.g.
[DM91, 2.5]), it is then sufficient to show that u2 ∈ ZG1(s
c)◦. Actually we would show that
ZG1(s
c) = ZG1(s
c)◦.
Write u2 = tv with t ∈ T
1 and v ∈ U1(U−)1; this is the Iwahori decomposition in the
sense of [Sta09, 2.2]. As t, sc ∈ T commute with each other, we see that v also commutes
with sc. Now consider the decomposition v =
∏
α vα with vα ∈ (Uα)
1, where α runs over the
roots with respect to T1. Then the commutation condition
(sc)−1 · v · sc = v
means that, for each α, either vα = 1 or α(s
c) = 1. Thus ZG1(s
c) is an affine space, hence
connected as desired.
Now we turn to the second part. We shall start with a generalised Green function character
formula, and then use a counting method following [DM85, IV].
5
By [Che18a, 3.3] we have:
RθT,U,b(g) =
1
|(ZG(s)◦)F |
·
∑
{
h∈GF s.t.
s∈h(T1)F
}
∑
τ∈h(T 1)F
θ(sh · τh) ·Q
ZG(s)
◦
hT ,hU∩ZG(s)◦,b
(u, τ−1),(1)
where
Q
ZG(s)
◦
hT ,hU∩ZG(s)◦,b
(−,−) : (UZG(s)◦)
F × h(T 1)F −→ Qℓ
is the two-variable Green function in [Che18a, 3.1] (here UZG(s)◦ denotes the unipotent variety
of ZG(s)
◦), which is defined by:
(x, y) 7−→
1
|T F |
Tr
(
(x, y) |
∑
i
(−1)i ·H ic(ZG(s)
◦ ∩ L−1(hFU r−b,b),Qℓ)
)
.
Since s is contained in an F -stable maximal torus (see e.g. [DM91, 3.16]), by Lang–
Steinberg theorem and the above first part of the theorem, there are u′ ∈ ZG(s)
◦ and
semisimple s′ ∈ ZG(s)
◦ such that u′−1F (u′) = u and s′−1F (s′) = s. Thus
nF ([g]GF ) =nF ([s
′−1F (s′)u′−1F (u′)]GF ) = nF ([u
′−1s′−1F (s′)F (u′)]GF )
=[F (s′)F (u′)u′−1s′−1]GF
=[F (s′)s′−1(F (u′)u′−1)s
′−1
]GF
=[s · s
′
(F (u′)u′−1)]GF .
Note that s · s
′
(F (u′)u′−1) is a Jordan decomposition, so, evaluating (1) with nF ([g]GF ) we
get
ShG(R
θ
T,U,b)(g)
=
1
|(ZG(s)◦)F |
·
∑
{
h∈GF s.t.
s∈h(T1)F
}
∑
τ∈h(T 1)F
θ(sh · τh) ·Q
ZG(s)
◦
hT ,hU∩ZG(s)◦,b
(s
′
(F (u′)u′−1), τ−1).(2)
Comparing (1) and (2) it remains to show that: For a given h ∈ GF with s ∈ h(T1), and
τ ∈ h(T 1)F , we have
(3) Q
ZG(s)
◦
hT ,hU∩ZG(s)◦,b
(u, τ−1) = Q
ZG(s)
◦
hT ,hU∩ZG(s)◦,b
(s
′
(F (u′)u′−1), τ−1).
Note that, by our assumption on u (that is, u ∈ ZZG(s)◦(u)
◦) and Lemma 2.4, we have
F (u′)u′−1 = zu
for some z ∈ (ZG(s)
◦)F , so s
′
(F (u′)u′−1) = s
′′
u where s′′ := s′z. Hence (3) can be written as
(4) Q
ZG(s)
◦
hT ,hU∩ZG(s)◦,b
(u, τ−1) = Q
ZG(s)
◦
hT ,hU∩ZG(s)◦,b
(s
′′
u, τ−1).
Moreover, by definition Q
ZG(s)
◦
hT ,hU∩ZG(s)◦,b
(−,−) can be viewed as the restriction of a class func-
tion on (ZG(s)
◦)F × h(T 1)F . In particular, the value Q
ZG(s)
◦
hT ,hU∩ZG(s)◦,b
(s
′′
u, τ−1) is independent
of the choice of s′ ∈ ZG(s)
◦, as any two such s′’s are different only up to a left translation
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by some element in (ZG(s)
◦)F . Therefore, as s ∈ h(T1), in the below we can assume that
s′′ ∈ h(T1). (So we would have τ = τ
s′′ as both s′′, τ are in the commutative group hT .)
By basic properties of Lefschetz numbers (see [Lus78, 1.2]), showing (4) is equivalent to
showing:
#{x ∈ ZG(s)
◦∩L−1(hFU r−b,b) | s
′′
u · Fm(x) · τ−1 = x}
= #{x ∈ ZG(s)
◦ ∩ L−1(hFU r−b,b) | u · Fm(x) · τ−1 = x}
(5)
for all m ∈ Z>0 with F
m(U r−b,b) = U r−b,b.
Taking the variable change x 7→ s′′y, the LHS of (5) becomes
#{y ∈ ZG(s)
◦ | sy−1F (y) ∈ hFU r−b,b, u · s′′−1Fm(s′′) · Fm(y) · τ−1 = y}.
(Recall that s′′−1F (s′′) = s by construction.) Note that
s′′−1Fm(s′′) = s′′−1F (s′′) · F (s′′−1)F 2(s′′) · · ·Fm−1(s′′−1)Fm(s′′) = sF (s) · · ·Fm−1(s) = sm.
So the LHS of (5) equals to:
#{y ∈ ZG(s)
◦ | sy−1F (y) ∈ hFU r−b,b, smuFm(y)τ−1 = y}.
Similarly, via the variable change x 7→ ys′′ the RHS of (5) equals to: (Recall that both s′′
and τ are in the F -stable commutative group hT )
#{y ∈ ZG(s)
◦ |s · (y−1F (y))F (s
′′) ∈ hFU r−b,b, smuFm(y)τ−1 = y}
= #{y ∈ ZG(s)
◦ | s · y−1F (y) ∈ hFU r−b,b, smuFm(y)τ−1 = y},
where the equality follows from that F (s′′) ∈ hT stabilises hFU r−b,b. Thus (5) holds. 
In the statement of the above theorem, note that if s = 1, then the condition u ∈
ZZG(s)◦(u)
◦ becomes u ∈ ZG(u)
◦, and by Lemma 2.4 the twisting operator does not affect
the character values at such unipotent elements for any character. So we want to ask:
Question 4.4. When a unipotent element of Gr lies in the identity component of its cen-
traliser?
In the case r = 1, this is well-known (to be always true) if p is a good prime, which is a
classical application of the Springer homeomorphism; see [MS03, Proposition 5] and [SS70,
III.3.15]. For a general r we list some situations in the below.
Proposition 4.5. Let g = su ∈ GFr be as in Theorem 4.3.
(1) If p is good for G1 and u ∈ G1, then u ∈ ZGr(u)
◦.
(2) If u ∈ G
[ r+1
2
]
r , then u ∈ ZGr(u)
◦. (Here [−] denotes the Gauss floor function.)
(3) If (i) g ∈ G1 and p is good for ZG1(s)
◦, or if (ii) u ∈ G[
r+1
2
], then the condition
“u ∈ ZZG(s)◦(u)
◦” in Theorem 4.3 holds.
(4) If G = GLn, then ZG(g) is always connected; in particular, ShG is the identity map
for GLn.
Proof. (1) By [MS03, 12] we know u lies in ZG1(u)
◦, which is a closed subgroup of ZG(u)
◦.
(2) As [ r+1
2
] ≥ r/2, the group G[
r+1
2
] is abelian, so u ∈ G[
r+1
2
] = Z
G[
r+1
2 ]
(u)◦ ⊆ ZG(u)
◦.
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(3-(i)) When g ∈ G1 and p is good for ZG1(s)
◦, we can apply [MS03, 12] to ZG1(s)
◦, which
asserts that u lies in ZZG1(s)◦(u)
◦, a closed subgroup of ZZG(s)◦(u)
◦.
(3-(ii)) Now assume u ∈ G[
r+1
2
]. Let c ∈ G be such that sc ∈ G1. Then (ZG(s
c)◦)[
r+1
2
] =
ZG(s
c)◦ ∩ G[
r+1
2
] is a connected unipotent group (see [Che18a, 2.2]), which is abelian as
[ r+1
2
] ≥ r/2. Therefore (by the first part of Theorem 4.3)
uc ∈ (ZG(s
c)◦)[
r+1
2
] = Z
(ZG(sc)◦)
[ r+12 ]
(uc)◦ ⊆ ZZG(sc)◦(u
c)◦,
thus u ∈ ZZG(s)◦(u)
◦.
(4) Write an element in Mn(Fq[[π]]/π
r) as A0 +A1π + ...+Ar−1π
r−1, then as observed in
[Che20, 5.3], there is a ring injection from Mn(Fq[[π]]/π
r) to Mnr(Fq):
(6) A0 + A1π + ...+ Ar−1π
r−1 7−→

A0 0 0 ... 0
A1 A0 0 ... 0
... ... ... ... ...
Ar−2 ... A1 A0 0
Ar−1 Ar−2 ... A1 A0
 .
Thus, for g ∈ GLn(F[[π]]/π
r), the condition “gx = xg” can be viewed as a system of linear
equations in the linear space F
nr
q . So ZG(g) is an open subset of an affine space, thus
connected, and ShG is the identity map by Lemma 2.4 in this case. 
Now we turn to the other direction. In the remaining part of this section we take G to be
GLn and assume that n, r ≥ 2.
The ring injection (6) in the above argument restricts to a group embedding from Gr into
Ĝr := GLnr/Fq . This realises Gr as a unipotent centraliser:
Lemma 4.6. The image of the above group embedding is the centraliser of the unipotent
element
u =

In 0 0 0 ... 0
In In 0 0 ... 0
0 In In 0 ... 0
... ... ... ... ... ...
0 ... 0 In In 0
0 0 ... 0 In In
 ,
whose Jordan normal form is diag(Jr, ..., Jr), where In denotes the identity matrix of size n
and Jr denotes the unipotent Jordan block of size r. In particular, Gr acts on the Springer
fibre Bu, the variety of Borel subgroups (of Ĝr) containing u, by conjugation.
Proof. This follows from direct computations. 
Now identify identify the flag variety B of Ĝr to be the quotient of Ĝr by the standard
upper triangular Borel subgroup of Ĝr, and identify Snr with the Weyl group defined by
the diagonal maximal torus inside this Borel. So we can talk about the Borel subgroups
at relative positions indexed by Snr and view them as elements in B. This indicates us a
natural way to construct a variety out of Bu, on which G
F
r , instead of the whole connected
group Gr, acts:
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Definition 4.7. Let Bu,w := Bu ∩Xw, the intersection (in the flag variety B) of Bu and Xw,
where Xw denotes the Deligne–Lusztig variety consisting of the Borel subgroups lying on the
relative position w ∈ Snr with their Frobenius image.
For a fixed r ∈ Z>1, a representation R of G
F
r is called primitive if R does not factor
through the lower level group GFr−1. It would be interesting to figure out for which w the
virtual representation
Ru,w :=
∑
i
(−1)iH ic(Bu,w,Qℓ)
of GFr is primitive.
Indeed, it can happen that Bu,w is actually empty; even if it is non-empty it can happen
that Ru,w is non-primitive. We determine these situations for the single cycles (1, ..., z):
Theorem 4.8. Let w = (1, ..., z) ∈ Snr with z ∈ [1, nr]. Then
(i.) If z = 1, then Ru,w is a primitive permutation representation.
(ii.) If 1 < z < n, then Ru,w is primitive.
(iii.) If z = n, then Ru,w 6= 0 is non-primitive.
(iv.) If n < z ≤ nr, then Bu,w = ∅ (so Ru,w = 0).
Proof. In the below we would interpret a point in B as a complete flag; the translation of
relative positions in terms of flags can be found in [PS94, I.4.3] (see also [hw]). To make the
argument coherent, we would treat (i.) first, then (iv.), (iii.), and finally (ii.).
From now on Ĝr is understood as the automorphism group of the Fq-space V with the
standard basis
(7) {x
(0)
1 , x
(0)
2 , ..., x
(0)
n , x
(1)
1 , x
(1)
2 , ..., x
(r−1)
n }.
We use F : V1 ⊆ V2 ⊆ ... ⊆ Vnr = V with dimVi = i as a general notation for a complete
flag of V .
(i.) In this case Bu,w is the finite set of Fq-rational flags of V stabilised by u. In particular
Ru,w = Qℓ[Bu,w] is a permutation representation. Consider the complete flag F : V1 ⊆ V2 ⊆
... ⊆ Vnr = V given by
V1 = 〈x
(r−1)
n 〉 ⊆ 〈x
(r−1)
n , x
(r−1)
n−1 〉 ⊆ ... ⊆ 〈x
(r−1)
n , x
(r−1)
n−1 , ..., x
(r−1)
2 〉
⊆ 〈x(r−1)n , x
(r−1)
n−1 , ..., x
(r−1)
2 , x
(r−2)
n 〉 ⊆ 〈x
(r−1)
n , x
(r−1)
n−1 , ..., x
(r−1)
2 , x
(r−2)
n , x
(r−2)
n−1 〉
⊆ ... ⊆ 〈x(r−1)n , ..., x
(r−1)
2 , x
(r−2)
n , ..., x
(r−2)
2 〉
⊆ ... ⊆ 〈x(r−1)n , ..., x
(r−1)
2 , ..., x
(1)
n , ..., x
(1)
2 〉 = V(n−1)(r−1)
⊆ 〈V(n−1)(r−1), x
(0)
n + x
(r−1)
1 〉 = V(n−1)(r−1)+1
⊆ 〈V(n−1)(r−1)+1, x
(r−1)
1 〉 ⊆ 〈V(n−1)(r−1)+1, x
(r−1)
1 , x
(r−2)
1 〉
⊆ ... ⊆ 〈V(n−1)(r−1)+1, x
(r−1)
1 , ..., x
(1)
1 〉 = Vnr−n+1 ⊆ 〈Vnr−n+1, x
(0)
n−1〉
⊆ 〈Vnr−n+1, x
(0)
n−1, x
(0)
n−2〉 ⊆ ... ⊆ 〈Vnr−n+1, x
(0)
n−1, ..., x
(0)
1 〉 = Vnr.
Note that F ∈ Bu,w. Also note that, by construction every vector in the piece V(n−1)(r−1)+1
has the property that its n-th coordinate equals to its (n(r−1)+1)-th coordinate. However,
9
this is a property not preserved under the action of (Gr−1r )
F . So F is an element of Bu,w not
stabilised by (Gr−1r )
F , which implies that Ru,w is primitive.
(iv.) In this case Xw is the moduli of complete flags F whose first z pieces are of the form
(see also [DL76, 2.2])
V1 ⊆ V1 + FV1 ⊆ V1 + FV1 + F
2V1 ⊆ · · · ⊆ ... ⊆
z−1⊕
j=0
F jV1 = Vz ∼= F
z
q ,
where dimV1 = 1, and Vz together with all the other pieces are Fq-rational. If this flag is
contained in Bu,w, then V1 = 〈v1〉 is stabilised by u, so we have uv1 = v1 as u is unipotent,
which implies that v1 is a vector of the form (0, ..., 0, a1, ..., an)
T . Note that the orbit of such
a vector under F can only generate a space of dimension at most n, smaller than z. Thus
Bu,w = ∅.
(iii.) In this case, similar to the above discussion we have that, any flag F in Bu,w must
be of the following form: (a) The first n pieces are
V1 ⊆ V1 + FV1 ⊆ V1 + FV1 + F
2V1 ⊆ · · · ⊆ ... ⊆
n−1⊕
j=0
F jV1 = Vn ∼= F
n
q ,
where V1 is generated by a vector v1 whose all but the last n coordinates are zero, and (b)
Vn and other pieces of F are F -stable. In particular, the n-th piece is a fixed space (see the
notation of (7))
Vn = 〈x
(r−1)
1 , x
(r−1)
2 , ..., x
(r−1)
n 〉.
Now, to form a Vn+1 (so that the flag lies in Xw), it suffices to choose an F -stable line
in the space generated by {x
(0)
1 , x
(0)
2 , ..., x
(0)
n , x
(1)
1 , x
(1)
2 , ..., x
(r−2)
n }; by identifying a line in the
vector space as a point in the projective space, this means to choose an Fq-point of P
n(r−1)−1
Fq
.
Continuing this process we see that Bu,w is a non-empty union of irreducible components of
Xw, and thus isomorphic to a union of components of
Yz ×
n(r−1)−1∏
j=1
Pj(Fq),
where Yz is the Coxeter variety, i.e. the connected variety of all v ∈ P
z−1
Fq
which do not lie
on any Fq-rational hyperplane. Note that by construction the subgroup (G
r−1
r )
F (given by
the “Ar−1-part” in the image of the group embedding) does not permute these irreducible
components, and in each component the action of (Gr−1r )
F is trivial because it fixes every
vector of Vn. So the subgroup (G
r−1
r )
F acts on Bu,w trivially, and thus the representations
H ic(Bu,w,Qℓ) of G
F
r are all non-primitive. Since the alternating sum of cohomology groups
of Yz is well-known to be non-zero, the vector space Ru,w is non-zero, as desired.
(ii.) Similar to (iii.), in this case Bu,w is a disjoint union of copies of Yz, labelled by some
Fq-rational partial flags
Vz ⊆ Vz+1 ⊆ ... ⊆ Vnr
with Vz ⊆ 〈x
(r−1)
1 , ..., x
(r−1)
n 〉, and (Gr−1)F fixes the vectors in Vz. Thus Ru,w is actually a
permutation representation of (Gr−1)F . So, as in the situation of (i.), it suffices to construct
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a partial flag of the above type on which (Gr−1)F acts non-trivially: We can just truncate
the flag constructed in (i.), because z ≤ n− 1 < (n− 1)(r − 1) + 1. 
5. SL2 over finite dual numbers
In this section we assume that G = SL2, r = 2, and p = char(Fq) odd, and denote by ε
the image of π in Or (so ε
2 = 0). Note that G ∼= SL2/Fq ⋉Lie(SL2)/Fq via the adjoint action.
The only possible degrees of irreducible characters of GF are (see e.g. [Lus04, Section 3]):
1, q, q + 1,
q + 1
2
, q − 1,
q − 1
2
, q2 + q, q2 − q,
q2 − 1
2
.
Here we only concern the last three ones, as the others are for non-primitive characters (i.e.
the characters factor through the lower level group GF1 = SL2(Fq)). It is known that, for
SL2, the orbits of primitive characters are always regular and their adjoint centralisers are
abelian (see [Sta11, 3.1]). In the below we describe how the twisting operator ShG affect
these primitive characters; most properties of these characters that we need can be found in
[Lus04] and [Sta11], and we would omit the details when this is the case.
From the work of Lusztig [Lus04] we know that the degrees q2 + q and q2 − q are those
afforded by RθT,U (:= R
θ
T,U,r) with the θ’s satisfying certain generic condition; the orbits of
these characters are regular semisimple. From the work of Stasinski [Sta11] we know that
most of the characters of degree q
2−1
2
are missed by any RθT,U ; the orbits of these characters
are regular nilpotent.
Case-I: deg = q2± q. We want to show that the irreducible characters of these degrees are
all invariant under ShG. The centraliser of the semisimple part of an element in G1 = SL2/Fq
is either a torus or the whole group, so by Theorem 4.3, Proposition 4.5, and the above
discussions, it suffices to show that, if A =
[
1 u
0 1
]
·
[
1 + aε bε
cε 1− aε
]
with u, a, b, c ∈ Fq and
u 6= 0, then A ∈ ZG(A)
◦. It is enough to show that, the subgroup (of G) consisting of the
elements of the form X =
[
1 υ
0 1
]
·
[
1 + xε yε
zε 1− xε
]
(υ, x, y, z ∈ Fq), that commuting with
A, is connected. Indeed, simplifying the equation
XA = AX
we get
z =
c
u
υ, x =
−c
2u
υ2 +
cu+ 2a
2u
υ,
so the space of solutions is isomorphic to an affine space, thus connected.
Case-II: deg = q
2−1
2
. As we mentioned before, these are nilpotent orbit characters. There
are two non-trivial nilpotent orbits, with representatives of the form o1 =
[
0  ∈ F×q
0 0
]
and
o2 :=
[
0 / ∈ F×q
0 0
]
, respectively, in gF ∼= (G1)F . Note that the centralisers of such elements
(in GF ) are
Zi :=
(
{±1} ×
[
1 Fq
0 1
])
⋉ (G1)F ⊆ GF .
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Let ψ1 (resp. ψ2) be an extension (to Zi) of a fixed irreducible character of (G
1)F correspond-
ing to o1 (resp. o2), then according to Clifford theory (see e.g. [Isa06, 6.17]), the nilpotent
primitive characters of SL2(Fq[ε]) are precisely
Rχ,i := Ind
GF
Zi
χψi (i = 1, 2),
where χ runs over the irreducible characters of the left factor of Zi. In particular, there are
totally 2 × q + 2 × q = 4q such characters, as been indicated in [Lus04, 3.1]. Now pick an
element X ′ =
[
−1 x′ε 6= 0
0 −1
]
. Note that the action of nF multiplies x
′ε in this matrix by a
non-square element in Fq. Since ψi is non-trivial on exactly one of the orbits of oi, we see
that, via the formula of induced characters, the two class functions ShG(Rχ,i) and Rχ,i are
always different at X ′.
Summarising Case-I and Case-II we get:
Corollary 5.1. Let R be a primitive irreducible character of SL2(Fq[ε]), then R is a semisim-
ple orbit character if and only if ShG(R) = R.
We expect that this criterion can be extended to SLn(Fq[[π]]/π
r) for any n, r ≥ 2, in good
characteristics.
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